Abstract. It is shown that a) it is possible to define the topology of any topological algebra by a collection of F -seminorms, b) every complete locally uniformly absorbent (complete locally A-pseudoconvex) Hausdorff algebra is topologically isomorphic to a projective limit of metrizable locally uniformly absorbent algebras (respectively, A-(k-normed) algebras, where k ∈ (0, 1] varies, c) every complete locally idempotent (complete locally m-pseudoconvex) Hausdorff algebra is topologically isomorphic to a projective limit of locally idempotent Fréchet algebras (respectively, k-Banach algebras, where k ∈ (0, 1] varies) and every m-algebra is locally m-pseudoconvex. Condition for submultiplicativity of F -seminorm is given.
1. Introduction 1. Let K be the field R of real numbers or C of complex numbers and X a topological linear space over K. A neighbourhood O ⊂ X of zero is absolutely k-convex, if λu + µv ∈ O for all u, v ∈ O and λ, µ ∈ K with |λ| k + |µ| k 1 and is absolutely pseudoconvex, if O is absolutely k-convex for some k ∈ (0, 1], which depends on O. Then every such neighbourhood O of zero is balanced (that is, µO ⊂ O for |µ| 1) and pseudoconvex (that is, O defines a number k O ∈ (0, 1] such that
A topological algebra A over K with separately continuous multiplication (in short, a topological algebra) is locally pseudoconvex if it has a base L A of neighbourhoods of zero, consisting of absolutely pseudoconvex subsets. Herewith, when
then A is is a locally k-convex algebra and when k = 1, then a locally convex algebra. A locally pseudoconvex algebra A is locally absorbingly pseudoconvex (in short locally A-pseudoconvex ), if A has a base L A of absorbent (that is, for each a ∈ A and each O ∈ L A there exists a number N (a, O) > 0 such that aO ∪ Oa ⊂ N (a, O)O) and pseudoconvex neighbourhoods of zero, and is a locally multiplicatively pseudoconvex (in short locally m-pseudoconvex ) algebra, if every O ∈ L A is idempotent (that is, OO ⊂ O). Locally A-(k-convex ) and locally m-(k-convex ) algebras are defined similarly. In case k = 1 these algebras are locally A-convex and locally m-convex algebras.
It is well-known (see, for example, [18, pp. 3-6] or [8, pp. 189 and 195] ) that it is possible to define the topology of every locally pseudoconvex algebra A by a collection P A = {p λ : λ ∈ Λ} of k λ -homogeneous seminorms, where k λ ∈ (0, 1] for each λ ∈ Λ. Recall that a seminorm p on A is k-homogeneous if p(µa) = |µ| k p(a) for each a ∈ A. In case when for any a ∈ A and every p λ ∈ P A there exist positive numbers M = M (a, λ) and N = N (a, λ) such that p λ (ab) M p λ (b) and p λ (ba) N p λ (b) for each b ∈ A, then A is a locally A-pseudoconvex algebra, and when M (a, λ) = N (a, λ) = p λ (a) for each a ∈ A and λ ∈ Λ, then a locally m-pseudoconvex algebra. Moreover, A is a A-(k-normed ) algebra, when the topology of A is defined by a k-homogeneous norm · , k ∈ (0, 1], such that for any a ∈ A there exists positive numbers M (a) and N (a) such that ab M (a) b and ba N (a) b for each b ∈ A, and an m-(k-normed ) algebra, if N (a) = M (a) = a for each a ∈ A.
A topological algebra
A is a locally idempotent algebra if it has a base of idempotent neighbourhoods of zero. This class of topological algebras has been introduced in [21, p. 31] . Locally m-convex algebras (see, for example, [9, 10, 14, 15, 21, 22] ) and locally m-pseudoconvex algebras (see, for example, [3, 5, 8] ) have been well studied, locally idempotent algebras (without any additional requirements) have been studied only in [16, 21, 4] .
We shall say that a topological algebra A is a) a locally absorbent algebra if A has a base of absorbent neighbourhoods of zero.
b) a locally uniformly absorbent algebra if A has a base of uniformly absorbent neighbourhoods of zero (that is, for each fixed a ∈ A and each neighbourhood O of zero in A there exists a positive number λ(a) (which does not depend on O) such that aO ∪ Oa ⊂ λ(a)O); 3. It is well-known (it was first published in 1952 in [15, p. 17] ) that every complete locally m-convex Hausdorff algebra is topologically isomorphic to the projective limit of Banach algebras. This result has been generalized to the case of complete locally m-(k-convex) Hausdorff algebras in [2, Theorem 5] , to the case of complete locally A-convex Hausdorff algebras in [7, Theorem 2.2] , and to the case of complete locally m-pseudoconvex Hausdorff algebras in [8, pp. 202-204] . Moreover, it is known (see [17, Theorem 1] ) that every complete topological Hausdorff algebra with jointly continuous multiplication is topologically isomorphic to a projective limit of Fréchet algebras and every complete locally convex Hausdorff algebra with jointly continuous multiplication is topologically isomorphic to a projective limit of locally convex Fréchet algebras.
Similar representations of topological algebras (not necessarily with jointly continuous multiplication) by projective limits are considered in the present paper.
2. Topology defined by a collection of F -seminorms 1. Let X be a linear space over K. By F -seminorm on X we mean a map q : X → R + which has the following properties:
(q 1 ) q(λx) q(x) for each x ∈ X and λ ∈ K with |λ| 1; (q 2 ) lim n→∞ q 1 n
If from q(x) = 0 follows that x = θ X , then q is called an F -norm on X. In this case d(x, y) = q(x − y) for each x, y ∈ X defines a metric d on A which has the property d(x + z, y + z) = d(x, y) for each x, y, z ∈ X.
2. It is well-known (see, for example, [12, p. 39, Theorem 3] ) that the topology of any topological linear space X coincides with the initial topology defined by a collection of F -seminorms on X. To show that the same situation takes place in case of topological algebras, we prove first the following result.
Proposition 2.1. Let A be an algebra over K, Q = {q λ : λ ∈ Λ} a non-empty collection of F -seminorms on A and τ Q the initial topology on A, defined by the collection Q. Then (A, τ Q ) is a topological algebra if Q satisfies the condition (q 4 ) for each fixed a ∈ A and for any ε > 0 and any λ ∈ Λ there exist δ a > 0 and λ a ∈ Λ such that q λ (ab) < ε and q λ (ba) < ε, whenever q λa (b) < δ a .
Moreover, (A, τ Q ) is a topological algebra with jointly continuous multiplication if Q satisfies the condition (q 5 ) for any ε > 0 and any λ ∈ Λ there exist δ > 0 and λ ∈ Λ such that q λ (ab) < ε, whenever q λ (a) < δ and q λ (b) < δ, and (A, τ Q ) is a locally idempotent algebra if Q satisfies the condition (q 6 ) for any ε > 0 and any λ ∈ Λ holds q λ (ab) < ε, whenever q λ (a) < ε and q λ (b) < ε.
Proof. Since τ Q is the initial topology on A defined by the collection Q, then {O λε : λ ∈ Λ, ε > 0} is a subbase of neighbourhoods of zero in (A, τ Q ), where O λε = {a ∈ A : q λ (a) < ε} is a balanced and absorbent set by (q 1 ) and (q 2 ) for each ε > 0 and each λ ∈ Λ. It is easy to see that the addition (a, b) → a + b in (A, τ Q ) is continuous by (q 3 ) and the multiplication over K is continuous in (A, τ Q ) by (q 1 ). Therefore, (A, τ Q ) is a topological linear space.
If now, in addition, Q satisfies the condition (q 4 ), then the multiplication (a, b) → ab in (A, τ Q ) is separately continuous. To show this, let O be an arbitrary neighbourhood of zero in the topology τ Q on A. Then there exist ε > 0, n ∈ N and λ 1 , . . . , λ n ∈ Λ such that
For each fixed a ∈ A and each k ∈ N n there are, by the condition (q 4 ), a number δ a (k) > 0 and an index λ a (k) ∈ Λ such that q λ k (ab) < ε and q λ k (ba) < ε whenever q λa(k) (b) < δ a (k). Let now δ a = min{δ a (1), . . . , δ a (n)} and
Then V a is a neighbourhood of zero in A in the topology τ Q and
Hence, the multiplication in (A, τ Q ) is separately continuous. Consequently, (A, τ Q ) is a topological algebra. If, next, Q satisfies the condition (q 5 ), then the multiplication (a, b) → ab is jointly continuous in (A, τ Q ). To show this, let again O be an arbitrary neighbourhood of zero in the topology τ Q on A. Then there are ε > 0, n ∈ N and λ 1 , . . . , λ n ∈ Λ such that holds (2.1). Now, for each k ∈ N n = {1, 2, . . . , n} there are, by the condition (q 5 ), a number δ k > 0 and an index λ k ∈ Λ such that q λ k (ab) < ε, whenever q λ k (a) < δ k and q λ k (b) < δ k . Let now δ = min{δ 1 , . . . , δ n } and
Then V is again a neighbourhood of zero in A in the topology τ Q and
It means that the multiplication in (A, τ Q ) is jointly continuous. Consequently, in this case (A, τ Q ) is a topological algebra with jointly continuous multiplication. Let, in the end, Q satisfies the condition (q 6 ). Then O λε O λε ⊂ O λε for each ε > 0 and λ ∈ Λ. Therefore, (A, τ Q ) has a base of idempotent neighbourhoods of zero. Consequently, (A, τ Q ) is a locally idempotent algebra. Theorem 2.2. Every topological algebra (A, τ ) defines a collection Q of F -seminorms on A such that (A, τ Q ) is a topological algebra (in particular, when (A, τ ) is a topological algebra with jointly continuous multiplication, then (A, τ Q ) is a topological algebra with jointly continuous multiplication) and τ = τ Q .
Proof. Let M be the dense subset of R + which consists of all non-negative rational numbers, having a finite dyadic expansions, i.e, we may write every such number ρ on the form
, 1} for each n ∈ N and δ n (ρ) = 0 for n sufficiently large. Let L (A,τ ) be a base of neighbourhoods of zero in (A, τ ), consisting of closed balanced sets and S = {S λ : λ ∈ Λ} the set of all strings
and q λ (a) = inf{ρ ∈ M : a ∈ V λ (ρ)} for each a ∈ A and λ ∈ Λ. Then every q λ is a F -seminorm on A (see [12, pp. 39-40] ) and
−n for each n ∈ N 0 . Hence q λ (a) = 0 or a ∈ ker q λ . To show that Q = {q λ : λ ∈ Λ} satisfies the condition (q 4 ), let a ∈ A, λ ∈ Λ (by this we fix a string S λ = (U n (λ)) in L (A,τ ) ) and ε > 0. Then there exists a number n ε ∈ N such that
, which is generated by V a , that is, U 0 = V a and other members U n of this string are defined by V a . Hence, there exists an index λ a ∈ Λ such that S λa = (U n (λ a )), where U 0 (λ a ) = V a and U n (λ a ) = U n , if n 1. Now, V a = V λa (1) and
Therefore, for every fixed a ∈ A and for any λ ∈ Λ and any ε > 0 there exist an index λ a ∈ Λ and a number ε a > 0 such that q λ (ab) 2 −nε < ε and q λ (ab) 2 −nε < ε whenever q λa (b) < 1 (in the present case, ε a = 1). Hence, the collection Q satisfies the condition (q 4 ). Consequently, (A, τ Q ) is a topological algebra by Proposition 2.1. In particular, when (A, τ ) is a topological algebra with jointly continuous multiplication, then the multiplication in (A, τ Q ) is also jointly continuous. Indeed, let λ ∈ Λ (by this we fix again a string S λ = (U n (λ)) in L (A,τ ) ) and ε > 0. Then there is again a number n ε ∈ N such that 1 2 nε < ε. Since the multiplication (a, b) → ab in (A, τ ) is jointly continuous, then there exists an element V ∈ L A such that V V ⊂ U nε (λ). Let now (U n ) be the string in L (A,τ ) for which U 0 = V . Then there exists an index λ ∈ Λ such that S λ = (U n (λ )), where
Hence, for each λ ∈ Λ and ε > 0 there exist λ ∈ Λ and ε > 0 such that q λ (ab) < ε, whenever q λ (a) < 1 and q λ (b) < 1 (in the present case, ε = 1). This shows that Q satisfies the condition (q 5 ). Consequently, (A, τ Q ) is a topological algebra with jointly continuous multiplication by Proposition 2.1.
Next we show that
Then there are ε > 0, m ∈ N and λ 1 , . . . , λ m ∈ Λ (with this we fix m strings
Again, there is a number n ε ∈ N such that
is a neighbourhood of zero of A in the topology τ Q . Since
Corollary 2.3. Let (A, τ ) be a locally pseudoconvex algebra; P = {p α : α ∈ A} the collection of nonhomogeneous seminorms on A, which defines the topology τ ; τ P the topology on A, defined by the collection P; L A the base of neighbourhoods of zero in A, which are closed and balanced sets; Q = {q S : S is a string in L A } and τ Q the topology on A, defined by the collection Q of F -seminorms on A.
Proof. It is well-known that τ = τ P and τ = τ Q by Theorem 2.2. Hence, all these three topologies coincide.
3. In point of view of algebra it is important to know, when every F -seminorm, defined by a string from L A , is submultiplicative. Proposition 2.4. Let A be a topological algebra, L A the base of all closed and balanced neighbourhoods of zero in A, and S = (U n ) a string in L A . Then the F -seminorm q S , defined by S, is submultiplicative if and only if the knots U n of S satisfy the condition
for all n, m ∈ N.
Proof. Let S = (U n ) be a string in L A such that the F -seminorm q S , defined by S, is submultiplicative (that is
Let now S = (U n ) be a string in L A such that the knots U n of S satisfy the condition (2.3) for all n, m ∈ N. Moreover, let ρ and σ be dyadic numbers such that a ∈ V S (ρ), ρ q S (a)+ε, b ∈ V S (σ) and σ q S (b)+δ. Then ab ∈ V S (ρ)V S (σ). For every s 1 and l 0 let
2), where
by the condition (2.3). Hence,
for each dyadic numbers α and β (see [12, p. 39] , where
from which follows that q S is submultiplicative (because ε is an arbitrary positive number).
Corollary 2.5. Let A be a topological algebra, L A the base of closed and balanced neighbourhoods of zero in A and Q A = {q S : S is a string in L A } be the collection of submultiplicative F -seminorms on A, which defines the topology of A. Then A is a locally idempotent algebra.
Proof. Let A be a topological algebra such that every F -seminorm q S in Q A is submultiplicative, O ∈ L A an arbitrary element and S = (U n ) the string in L A with U 0 = O. Since q S is submultiplicative, then all knots U n of the string S satisfy the condition (2.3), by Proposition 2.4. Hence O is an idempotent set. Therefore, A is a locally idempotent algebra. 
Main results
To represent topological algebras by projective limits, we need Lemma 3.1. Let A be a locally uniformly absorbent (locally idempotent) Hausdorff algebra over K, L A the base of all closed, balanced and uniformly absorbent (respectively, closed, balanced and idempotent) neighbourhoods of zero in A and
Proof. When N (S A ) = {θ A }, then N (S A ) is a closed two-sided ideal in A. Suppose now that N (S A ) = {θ A }. Then there are elements a, b ∈ N (S A )\{θ A }. Let n ∈ N be an arbitrary fixed number. Since N (S A ) ⊂ U n+1 and U n+1 + U n+1 ⊂ U n , then a + b ∈ U n for each n ∈ N. Hence, a + b ∈ N (S A ). Let next λ ∈ K and a ∈ N (S A ). Then a ∈ U n for each n ∈ N. If |λ| 1, then λa ∈ U n for each n ∈ N, because U n is balanced. If |λ| > 1, let n 0 ∈ N be a natural number such that [|λ|] + 1 2 n 0 and n an arbitrary fixed natural number (Here [r] denotes the entire part of a real number r). Since
λ |λ| < 1 and every U n is balanced. Hence, λa ∈ U n for each n ∈ N. Thus, λa ∈ N (S A ). First, we assume that A is a locally uniformly absorbent algebra, a ∈ A and b ∈ N (S A ). Since A is a locally uniformly absorbent algebra, then there exists a positive number λ(a) such that aU n ∈ λ(a)U n . Therefore, ab λ(a) ∈ U n for each n ∈ N. Hence, ab ∈ λ(a)N (S A ) ⊂ N (S A ). Similarly, we can show that ba ∈ N (S A ). Consequently, N (S A ) is a two-sided ideal in A.
Let now A be a locally idempotent algebra, a ∈ A, b ∈ N (S A ) and n ∈ N. Then there exists a positive number ε n such that a ∈ ε n U n (because every neighbourhood of zero absorbs points). If |ε n | 1, then ε n U n ⊂ U n because U n is balanced, and if |ε n | > 1, then, from
Hence, ab ∈ N (S A ). Similarly, we can show that ba ∈ N (S A ). Consequently, N (S A ) is again a two-sided ideal in A.
Theorem 3.2. For any (real or complex) locally uniformly absorbent Hausdorff algebra A there exists a projective system {A λ ; h λµ , Λ} of metrizable locally uniformly absorbent algebras and continuous homorphisms h λµ from A λ to A µ (whenever λ ≺ µ) such that A is topologically isomorphic to a dense subalgebra of the projective limit lim ← − A λ of this system. In particular case, when, in addition, A is complete, then A and lim ← − A λ are topologically isomorphic.
Moreover, if A is a locally A-pseudoconvex (locally A-convex) Hausdorff algebra, then A is topologically isomorphic to a dense subalgebra of the projective limit lim ← − A λ of A-(k λ -normed) algebras (respectively, A-normed algebras). In particular, when, in addition, A is complete, then A and lim ← − A λ are topologically isomorphic. 
Proof. 1) Let
n for each n ∈ N, then λ 1 ≺ µ and λ 2 ≺ µ. It means that (Λ, ≺) is a directed set.
For each λ ∈ Λ, let q λ be the F -seminorm on A, defined by the string S λ = (O λ n ),
(N λ is a closed two-sided ideal in A by Lemma 3.1), A λ = A/ker q λ and π λ the canonical homomorphism of A onto A λ . Moreover, let q λ (π λ (a)) = q λ (a) for each a ∈ A. Since ker q λ = N λ (see the proof of Theorem 2.2), then q λ is a F -norm on A λ . Let τ A λ be the topology on A λ , defined by q λ . Thus, (A λ , τ A λ ) is a metrizable locally uniformly absorbent algebra for all λ ∈ Λ.
For any λ, µ ∈ Λ with λ ≺ µ let h λµ be the map defined by h λµ (π µ (a)) = π λ (a) for each a ∈ A. Then h λµ is a continuous homomorphism from A µ onto A λ , h λλ is the identity mapping on A λ for each λ ∈ Λ and h λµ •h µγ = h λγ for each λ, µ, γ ∈ Λ with λ ≺ µ ≺ γ. Hence, {A λ ; h λµ , Λ} is a projective system of metrizable locally uniformly absorbent algebras A λ with continuous homomorphisms h λµ and
is the projective limit of this system.
Let e be the mapping defined by e(a) = (π λ (a)) λ∈Λ for each a ∈ A and pr λ the projection of µ∈Λ A µ onto A λ for each λ ∈ Λ. Since pr λ (e(a)) = π λ (a) for each a ∈ A and λ ∈ Λ and π λ is continuous for each λ ∈ Λ, then e is a continuous map from A into µ∈Λ A µ (see, for example, [19, Theorem 8.8] ). Moreover, if a, b ∈ A are such that e(a) = e(b), then π λ (a) = π λ (b) for each λ ∈ Λ. Therefore,
because A is a Hausdorff space. It means that a = b. Hence, e is a one-to-one map.
Let now O be any neighbourhood of zero in A, α an arbitrary fixed index in Λ and
where
) and α is arbitrary, then U ⊂ e(O). Hence, e is an open map. Taking this into account, e is a topological isomorphism from A into λ∈Λ A λ .
To show that e(A) is dense in lim ← − A λ , let (a λ ) λ∈Λ ∈ lim ← − A λ be an arbitrary element and O an arbitrary neighbourhood of (a λ ) λ∈Λ in lim ← − A λ . Then there is a neighbourhood U of (a λ ) λ∈Λ in λ∈Λ A λ such that O = U ∩ lim ← − A λ . Now, there is a finite subset H ⊂ Λ such that λ∈Λ U λ ⊂ U , where U λ is a neighbourhood of a λ in A λ , if λ ∈ H, and U λ = A λ , if λ ∈ Λ \ H. Let µ ∈ Λ be such that λ ≺ µ for every λ ∈ H and
Then V is a neighbourhood of a µ in A µ . Take an element a ∈ π
2) Let next A be a complete locally uniformly absorbent Hausdorff algebra, (e(a α )) α∈A a Cauchy net in e(A) and O any neighbourhood of zero in (A, τ ) . Since e is an open map from A onto e(A), then e(O) is a neighbourhood of zero in e(A). Thus, there exists an index α 0 ∈ A such that e(a β ) − e(a γ ) ∈ e(O) or a β − a γ ∈ O, whenever β, γ ∈ A, α 0 ≺ β and α 0 ≺ γ. It means that (a α ) α∈A is a Cauchy net in A. Since A is complete, then there is an element a 0 ∈ A such that (a α ) α∈A converges to a 0 in A . Thus (e(a α )) α∈A converges to e(a 0 ) in e(A) because e is continuous. Consequently, e(A) is complete and, therefore, is closed in lim ← − A λ .
3) Let now A be a locally A-pseudoconvex (locally A-convex) Hausdorff algebra and P = {p λ : λ ∈ Λ} a saturated collection of k λ -homogeneous seminorms on A with k λ ∈ (0, 1] for each λ ∈ Λ (respectively, a collection of homogeneous seminorms on A) which defines the topology of A. We put A λ = A/ ker p λ and norms p λ on A λ we define by p λ (π λ (a)) = p λ (a) for each a ∈ A and λ ∈ Λ, where π λ is the canonical homomorphism from A onto A λ . Then ker p λ is a two-sided ideal in A and A λ is an A-(k λ -normed) algebra (if A is a locally A-convex algebra, then A λ is an A-normed algebra) for each fixed λ ∈ Λ. The ordering ≺ in Λ we define as follows: λ ≺ µ if and only if p λ (a) p µ (a) for each a ∈ A. Then (Λ, ≺) is a directed set. Similarly as above, for each λ, µ ∈ Λ with λ ≺ µ, we define homomorphisms h λµ from A µ into A λ by h λµ (π µ (a)) = π λ (a) for each a ∈ A. Then h λµ with λ ≺ µ is a continuous map, because
for each a ∈ A. Again, similary as above, {A λ ; h λµ , Λ} is a projective system of A-(k λ -normed) algebras (respectively, A-normed algebras) A λ and A is topologically isomorphic to a dense subalgebra of the projective limit lim ← − A λ of this system and in the complete case A and lim ← − A λ are topologically isomorphic.
Theorem 3.3. For any (real or complex) locally idempotent Hausdorff algebra A there exists a projective system {Ã λ ;h λµ , Λ} of locally idempotent Fréchet algebras and continuous homomorphismsh λµ fromÃ µ toÃ α (whenever λ ≺ µ) such that A is topologically isomorphic to a dense subalgebra of the projective limit lim ← −Ã λ of this system. In particular case, when, in addition, A is complete, then A and lim ← −Ã λ are topologically isomorphic. Moreover, if A is a locally m-pseudoconvex (locally m-convex) Hausdorff algebra, then A is topologically isomorphic to a dense subalgebra of the projective limit lim ← −Ã λ of k λ -Banach (respectively, Banach) algebras. In particular, when, in addition, A is complete, then A and lim ← −Ã λ are topologically isomorphic.
Proof. a) Let A be a locally idempotent Hausdorff algebra, L A the base of closed and balanced neighbourhoods of zero in A and S A = {S λ : λ ∈ Λ} the collection of all strings in L A . Similarly as in the proof of Theorem 3.2, we define the ordering ≺ in Λ in the following way: we say that λ ≺ µ in Λ if and only if S µ ⊂ S λ . Then (Λ, ≺) is a directed set. For each λ ∈ Λ, let q λ be the F -seminorm on A, defined by the string
(N λ is a closed two-sided ideal in A by Lemma 3.1), A λ = A/N λ and let π λ be the canonical homomorphism of A onto A λ . Moreover, let q λ (π λ (a)) = q λ (a) for each a ∈ A,Ã λ be the completion of A λ , ν λ the topological isomorphism from A λ onto a dense subalgebra ofÃ λ (defined by the completion of A λ ),q λ the extension of
for each a ∈ A and ker q λ = N λ . Therefore,q λ is an F -norm onÃ λ . Since A λ is a metrizable locally idempotent algebra, then the multiplication in A λ is jointly continuous, because of whichÃ λ is an algebra. Hence, (Ã λ ,τ λ ) is a locally idempotent Fréchet algebra for each λ ∈ Λ. Similarly as in the proof of Theorem 3.2, for each λ, µ ∈ Λ with λ ≺ µ we define the map h λµ by h λµ (π µ (a)) = π λ (a) for each a ∈ A. Then h λµ is a continuous homomorphism from A µ into A λ , h λλ is the identity mapping on A λ for each λ ∈ Λ and h λµ • h µγ = h λγ for each λ, µ, γ ∈ Λ with λ ≺ µ ≺ γ.
µ is a continuous homomorphism from ν µ (A µ ) intoÃ λ , then (by [11, Proposition 5] , h λµ is continuous and linear and by the continuity of multiplication inÃ µ ,h λµ is submultiplicative similarly as in the proof of [13, Proposition 1, pp. [4] [5] or in the proof of [1, Proposition 3]) there exists a continuous extensionh λµ fromÃ µ intoÃ λ such thath λµ is a homomorphism and
for each a ∈ A and λ, µ ∈ Λ with λ ≺ µ. Sinceh λλ is the identity map onÃ λ for each λ ∈ Λ andh λµ •h µγ =h λγ , whenever λ, µ, γ ∈ Λ and λ ≺ µ ≺ γ, then {Ã λ ;h λµ , Λ} is a projective system of locally idempotent Fréchet algebras A λ with continuous homomorphismsh λµ fromÃ µ intoÃ λ and
is the projective limit of this system. Letẽ be the mapping which is defined byẽ(a) = (ν λ [π λ (a)]) λ∈Λ from A into µ∈ΛÃ µ for each λ ∈ Λ. Similarly as in the proof of Theorem 3.2, we can show thatẽ is a topological isomorphism from A onto a dense subset of lim ← −Ã λ . Moreover, A and lim ← −Ã λ are topologically isomorphic, if A is complete. 2) Let now A be a locally m-pseudoconvex (locally m-convex) Hausdorff algebra. Then every algebra A λ in the first part of the proof is a k λ -normed (respectively, normed) algebra, because of which the completionÃ λ of A λ is a k λ -Banach (respectively, Banach) algebra. Similarly as in the first part of the proof, we can show that A is topologically isomorphic to a dense subalgebra of the projective limit lim ← −Ã λ of k λ -Banach (respectively, Banach) algebras. Moreover, A and lim ← −Ã λ are topologicaly isomorphic if A is complete.
Remark 3.4. Theorem 3.3 in the case where A is complete is well known. For the sake of completeness, this case has been added.
Corollary 3.5. Let A be a unital Hausdorff algebra, L A the base of closed and balanced neighbourhoods of zero in A and Q A = {q S : S is a string in L A } the collection of F -seminorms, which defines the topology of A. If every q S is submultiplicative, then A is locally m-pseudoconvex.
Proof. Let A be a Hausdorff algebra with unit element e A such that every F -seminorm q S in Q A is submultiplicative. Then A is a locally idempotent algebra, by Corollary 2.5. For any S in L A , let A S = A/ ker q S , π S the canonical homomorphism from A onto A S and q S the map defined by q S (π S (a)) = q S (a) for each a ∈ A. Then q S is a submultiplicative F -norm on A S . Hence, the extensioñ q S (see the proof of Theorem 3.3) is a submultiplicative F -norm on the completionÃ S . To show thatÃ S is a locally bounded algebra (that is,Ã S contains a bounded neighbourhood of zero), let O S = {x ∈Ã S :q S (x) 1},
x 0 an arbitrary element in O S and (α n ) an arbitrary sequence in K which converges to zero. We can assume that |α n n| 1 for each n ∈ N (otherwise, we can use instead of (α n ) the subsequence (α kn ), for which |α kn n| 1, because (α kn ) converges to zero as well). Since 0 q S (α n x 0 ) =q S ((α n e A )x 0 ) q S ((α n n) 1 n e A )q S (x 0 ) q S ( 1 n e A ), Hence,Ã S is a locally bounded algebra, and therefore, locally m-pseudoconvex. Consequently, by Theorem 3.3, A is topologically isomorphic to a dense subalgebra W of the projective limit lim ← −Ã S of complete locally m-pseudoconvex algebras A S . Hence, W is a subalgebra of the product S⊂L AÃ S . Since any product of locally m-pseudoconvex algebras is locally m-convex in the product topology and any subalgebra of a locally m-pseudoconvex algebra is locally m-pseudoconvex in subset topology, then W is locally m-pseudoconvex. Consequently, A is also locally m-pseudoconvex.
Corollary 3.6. Every unital m-algebra is locally m-pseudoconvex.
